Abstract We obtain the next-to-leading order correction to the spectrum of a SU(N) Yang-Mills theory in four dimensions and we show agreement well-below 1% with respect to the lattice computations for the ground state and one of the higher states.
A successful theoretical approach to treat a YangMills theory in the low-energy limit has been missing so far. It is generally impossible to get the spectrum and the n-point functions unless use is made of lattice computations [1, 2, 3, 4, 5] . This difficulty implies that a general understanding from first principles of the behavior of strong interactions is lacking. We are not able to manage QCD in the infrared mostly because perturbation theory fails. The general approach is to use dispersion relations [6] or phenomenological models obtained from plausibility arguments. These models stay so because of our current knowledge of the 2-point function of the theory relies almost all on lattice computations. We are aware in this way that a mass gap exists, that in the deep infrared the gluon propagator seems to resemble a Yukawa-like one but our inability to do quantum field theory in presence of a large coupling represents a big limitation.
In this letter we will show how an approach based on exact solutions of the classical theory, already shown successful for the three-dimensional case [7] , can provide agreement with lattice data for the spectrum of a Yang-Mills theory well-below 1%. Besides, it is possible in this way to perform computations at any order and obtain finite results to compare with experiments without the need to fit a wealth of parameters.
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For the propagator of Yang-Mills theory in the infrared limit, one generally exploits a current expansion [8, 9] . Instead to start from the action, we prefer the equations of motion [10] 
Then, given a functional form A 
Exact solutions can be obtained in this way [11] for the Landau gauge. The set of solutions we will start with are
being χ(x) a solution of the equation
and this is given by
being µ an arbitrary integration constant having the dimensions of a mass and the "momenta" p satisfy the dispersion relation
We take these solutions as the ground state of the theory. Then, the propagator of the theory will be
Setting j = 0 one gets for the Green function of YangMills theory
We fix the gauge to the Landau gauge (α = 1) that also grants that we are using exact formulas rather than asymptotic ones. Then,
being p µ the momentum vector. So, we have to solve the equation
This equation with that of the Green function for the scalar field obtained in [8] . Then, the propagator can be immediately written down as [11] 
with
being K(−1) the complete elliptic integral of the first kind and we get the "mass spectrum"
This spectrum is kept in quantum field theory but we also obtain higher order corrections. So, our final result for the Green function is
We see that the Yang-Mills theory shows up a mass gap. We will use the equation for the spectrum to fit with lattice data with a proper quantum correction.
The quantum theory can be studied using DysonSchwinger equations for 1-and 2-point functions. These were already discussed in our recent work [11] . One has
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The Dyson-Schwinger equations for the two-point functions are
The solutions to this set of equations can be obtained by choosing
being η a ν a set of constants and φ(x) the solution of a differential equation we are going to determine. Besides, for the Fourier transform of the 2-point function is
with the equation for ∆(x − y) given below. This set can be solved by taking for the ghost 2-point function
The ghost field decouples in this case and is free. Then, the 1-point function is obtained by the equation
This becomes the equation for the scalar field, given SU(N) for the gauge group,
having set
again for a mass correction to be evaluated once the propagator is known. Then, the equation for the 2-point function becomes [11]
and we see that the mass correction δµ 2 is here too. This will provide an equation for the renormalization of mass. Solving eqs. (22)- (24), one has
being µ and χ two arbitrary integration constants and we have set m 2 = 2N g 2 G 2 (0), G 3 (0, 0) = 0 and taken the momenta p in such a way that
From these results, we can obtain the correction to the mass spectrum by changing the modulus of the Jacobi elliptic functions and integrals going from k 2 = −1 to
so that, given the dispersion relation in eq.(26), we will get
and, as usual, µ is an integration constant, having the dimensions of a mass, coming from the integration of the classical theory. This implies that the equation for δµ 2 will have the unknown on both sides. So, one can solve it iteratively by taking at the leading order δµ 2 = 0. One has from eq.(12)
This is the first iterate. In this way, we can evaluate a first correction to the mass spectrum. We just observe that this integral diverges. Indeed, this integral is very well-known in literature and can be evaluated by dimensional regularization. One will get for the finite part
being γ the Euler-Mascheroni constant that we will use to evaluate the full spectrum of the theory. It is interesting to note that this contribution is small and negative. We can write it as
where we have fixed the string tension to σ = N g 2 /2µ
2 as usual. Then,m 2 = −0.03212775693 . . .. Considering this a small correction to the classical result, the spectrum (27) can be expressed through the formula
Now, we can compare this spectrum with the result from lattice computations given in [1] . In order to do this, we can fix the value of N g 2 with the value of β = 2N/g 2 used in [1] to compute the spectrum. So, we rewrite
This yields the comparison Also in this case the agreement is really stunning. We notice that, in our computations, the dependence on the degree of the group is weak but otherwise noticeable. This is due to the need to perform the comparison exactly for the same β as in [1] for consistency reasons.
We have shown how the spectrum of a Yang-Mills theory in four dimensions can be predicted with an exquisite precision granting strict agreement with lattice computations. This could pave the way for similar precise computations in QCD for the properties of hadrons and, more generally, to get predictions in the spectrum of this theory for exotic states.
